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Chapter 1

Symbolic dynamics

1.1 The configuration’s space

1.1.1 Topological properties

We consider the space Σ = {1, 2, ..., k}N that is that its elements are sequences
x = (x0, x1, x2, x3...), where xi ∈ {1, 2, ..., k}, i ∈ N. An element in Σ will also be
called an infinite word over the alphabet {1, . . . , k}, and xi will be called a digit.

The distance between two points x = x0, x1, . . . and y = y0, y1, . . . is given by

d(x, y) =
1

2min{n, xn 6=yn}
.

We sometimes represent this distance graphically as follows:

x0 = y0

�
�

@
@

n− 1

xn−1 = yn−1

y

x

Figure 1.1: The sequence x and y coincide for digits 0 up to n− 1 and then split.

e.g. With k = 4, d(1, 2, 1, 3..), (1, 1, 1, 2, ..)) = 1
2
.

A finite string of symbols x0 . . . xn−1 is also called a word, of length n. For a word
w, its length is |w|. A cylinder (of length n) is denoted by [x0 . . . xn−1]. It is the
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6 Chapter 1. Symbolic dynamics

set of points y such that yi = xi for i = 0, . . . n − 1. It will also be denoted as a
n-cylinder.

Note that cylinders of length n − 1 form a partition of Σ and Cn(x) will denotes
the unique element of this partition which contains x. That is Cn(x) = [x0, . . . , xn].
The cylinder Cn(x) also coincides with the ball B(x, 1

2n
). The set of cylinders of

length n will be denoted by Cn(Σ).

If ω = ω0, . . . , ωn−1 is a finite word of length n and ω′ = ω′0, . . . is a word (of any
length possibly infinite), then ωω′ is the word

ω0 . . . ωn−1ω
′
0 . . .

It is called the concatenation of ω and ω′.

The set (Σ, d) is a compact metric space. Compactness also follows from the fact
that Σ is a product of compact space. Then, note that the topology induced by the
distance d coincides with the product topology. The cylinders are clopen sets and
generates the topology.

General subshift of finite type

For our purpose, we need to define more general subshift of finite type. A good
reference for symbolic dynamics is [83].

Definition 1. A transition matrix is a d× d matrix with entries in {0, 1}.

If T = Tij is a d × d transition matrix, the subshift of finite type ΣT associated to
T is the set of sequences x = x0x1x2 . . . xn . . . such that for every j,

Txjxj+1
= 1.

Equivalently, it is the set of sequences such that the forbidden transitions Tij = 0
never appear. If T is given we denote by A the set of admissible finite words for T ,
that is the set of words

ω = ω0 . . . ωn−1,

such that for every i, Tωiωi+1
= 1.

Example. The full shift Σ = {1, . . . d}N is the subshift of finite type associated to
the d× d matrix with all its entries equal to 1.

The best way to understand what is the subshift of finite associated to a matrix T
is to consider paths: for a given i, the set of j such that Tij = 1 is the set of letters
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authorized to follow i. Then, ΣT is the set of infinite words we can write respecting
theses rules, or equivalently, the set of infinite paths that we can do.

Example. If T =


1 0 1 0
1 1 0 1
1 1 1 1
0 1 1 0

 has the associated graph:

1 2

3 4

Figure 1.2:

As there are more 1’s than 0’s in T it is simpler to describe ΣT as the set of infinite
words with letters 1, 2, 3 and 4 such that 12, 14, 23, 41 and 44 never appear.

Definition 2. Let T be a d× d transition matrix, let ΣT the associated subshift of
finite type. Two digits i and j are said to be associated if there exists a path from i
to j and from j to i. We set i ∼ j.

Equivalently, i ∼ j means that there exists a word in ΣT of the form

i . . . j . . . i . . . j.

Claim 1. The relation ∼ is symmetric and transitive.

Proof of the claim. Symmetry is by definition. Transitivity follows from concatena-
tions. If i ∼ j and j ∼ k we can form a work

i . . . j︸ ︷︷ ︸
i∼j

. . . k . . . j︸ ︷︷ ︸
j∼k

. . . i︸︷︷︸
j∼i

.

It may be that some digit is associated to no other digit.
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Definition & Proposition 3. A digit i is said to be essential if i ∼ i holds. The
relation ∼ is a relation of equivalence on the set of essential digits.

Exercise 1
Find examples of transition matrices such that one digit is associated only to itself.
Find examples of transition matrices such that one digit is associated to no digit.

Definition 4. The equivalence classes of ∼ are called the irreducible component of
ΣT .

1.1.2 Dynamics

Definition 5. The shift σ : Σ→ Σ, is defined by

σ(x0, x1, x2, x3, ...) = (x1, x2, x3, ...).

The shift expands distance by a factor 2. If x and y belong to the same 1-cylinder,
then

d(σ(x), σ(y)) = 2 d(x, y).

On the other hand, if d(x, y) = 1, then d(σ(x), σ(y)) may have any value between

in 0, 1,
1

2
,
1

4
, . . . ,. The shift is Lipschitz and thus continuous.

The shift may be seen as doing infinite path on some graph with states and arrows.
arrows from one state to another one indicate the allowed or forbidden transitions.
An infinite path is a point in Σ or in ΣT if we consider a subshift of finite type with
transition matrix T . Then, the dynamics is just considering the path starting after
the next step.

Definition 6. Given x ∈ Σ the set {σn(x), n ≥ 0} is called the orbit of x. It is
denoted by O(x).

The main goal in Dynamical systems is to describe orbits and their behaviors. Let
us first show some simple behaviors.

Definition 7. A point x ∈ Σ is said to be periodic if there exits k > 0 such that
σk(x) = x. In that case the period of x is the smaller positive integer k with this
property.

A periodic point of period 1 is called a fixed point.
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Examples
111 . . . is a fixed point.
In {1, 2, 3, 4}N, x := (1, 3, 2, 3, 1, 3, 2, 3, 1, 3, 2, 3, 1, 3, 2, 3, ...) has period 4 and

{ (1, 3, 2, 3, 1, 3, 2, 3, 1, ...), (3, 2, 3, 1, 3, 2, 3, 1, 3, 2, ...),

(2, 3, 1, 3, 2, 3, 1, 3, 2...), (2, 3, 1, 3, 2, 3, 1, 3, ...) }
is the orbit of x.

A n-periodic point is entirely determined by its first n-digits; actually it is the infinite
concatenation of these first digits:

x = x0 . . . xn−1 x0 . . . xn−1 x0 . . . xn−1 . . .

Definition 8. Given a point x in Σ, a point y ∈ Σ, such that, σ(y) = x is called a
preimage of x.

A point y such that σn(y) = x is called a n-preimage of x. The set of

{y | there exists an n such that σn(y) = x }

is called the preimage set of x.

In Σ = {1, . . . k}N, each point x has exactly k-preimages. They are obtained by the
concatenation process ix, with i = 1, . . . , k. The set of 1-preimage is σ−1({x}). The
set of n-preimages is (σn)−1({x}) which is simply denoted by σ−n({x}).

Definition 9. A Borel set A is said to be σ-invariant if it satisfies one of the
following equivalent properties:

1. For any x ∈ A, σ(x) belongs to A.

2. σ−1(A) ⊃ A.

e.g. If x is periodic, O(x) is σ-invariant.

Exercise 2
Show equivalence of both properties in Definition 9.

Exercise 3
If x is periodic, do we have σ−1(O(x)) = O(x) ?
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Back to more general subshift of finite type

We have defined above a more general subshift of finite type. For such a subshift,
we have also defined the irreducible components. Actually,we will give a better
description of these components with respects to the dynamics.

Definition 10 (and proposition1). A σ-invariant compact set K is said to be tran-
sitive if it satisfies one of the equivalent two following properties:

(i) For every pair of open sets of K, U and V , there exists n > 0 such that
σ−n(U) ∩ V 6= ∅.

(ii) There exists a dense orbit.

Exercise 4
Show that if K is transitive, then the set of points in K with dense orbit is a Gδ-dense
set.

We claim that irreducible components are also transitive components. Indeed, any
open set contains a cylinder and it is thus sufficient to prove (i) with cylinders. Now,
considering two cylinders of the form [x0 . . . xk] and [y0 . . . yn], the relation defining
irreducible components shows that there exists a connection

x0 . . . xkz1 . . . zmy0 . . . yn,

remaining in K.

1.1.3 Measures

We denote by B the Borel σ-algebra over Σ, that is, the one generated by the open
sets.

We will only consider probabilities µ on Σ over this sigma-algebra. Due to the fact
that cylinders are open sets and generates the topology, they also generates the
σ-algebra B. Therefore, all the values µ(Cn), where Cn runs over the cylinders of
length n and n runs over N, determine µ.

We remind the relation between Borel measures and continuous functions:

Theorem 1 (Riesz). The set of Borel signed measures is the dual of the set C0(Σ).

Corollary 11. The set of probabilities is compact and convex for the weak*-topology.

1We do not prove the proposition part.
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We remind that µn
w*−→ µ means that for every continuous function f : Σ→ R,

∫
f dµn →n→∞

∫
f dµ.

We point out that any indicator function of a cylinder, 1ICn , is continuous. We recall
that the support of a (probability) measure µ is the set of point x such that

∀ ε, µ(B(x, ε)) > 0.

In our case this is equivalent to µ(Cn(x)) > 0 for every n. The support is denoted
by supp (µ).

Exercise 5
Show that supp (µ) is compact.

Definition 12. We say that a probability µ is invariant for the shift σ if for any
A ∈ B,

µ(σ−1(A)) = µ(A).

We will also say that µ is σ-invariant, or simply invariant as σ is the unique dynamics
we shall consider.

To consider invariant measure means the following thing: if we see the action of N
as a temporal action on the system, the systems is closed, in the sense that along
the time, there is neither creation nor disappearance of mass in the system.

Exercise 6
Show that if µ is invariant, suppµ is invariant. Is it still the case if µ is not invariant
?

1.2 Invariant measures

In this section we present some particular invariant measures in our settings and
also give some more general results.
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1.2.1 Examples of invariant measures

Periodic measures

If x is a point in Σ, δx is the Dirac measure at x, that is

δx(A) =

{
1 if x ∈ A,
0 otherwise.

Then, if x is n-periodic,

µ :=
1

n

n−1∑
j=0

δσj(x)

is σ-invariant.

The Bernoulli product measure

Let consider Σ = {1, 2}N, pick two positive numbers p and q such that p + q = 1.
Consider the measure P on {1, 2} defined by

P({1}) = p, P({2}) = q.

Then consider the measure µ := ⊗P on the product space Σ. We remind that it is
defined by

µ([x0 . . . xn−1]) = p# of 1’s in the wordq# of 2’s in the word.

We claim it is an invariant measure. Indeed, for any cylinder [x0 . . . xn−1],

σ−1([x0 . . . xn]) = [1x0 . . . xn] t [2x0 . . . xn].

Then, µ([1x0 . . . xn]) = pµ([1x0 . . . xn]) and µ([2x0 . . . xn]) = qµ([1x0 . . . xn]).

This example corresponds to the model of tossing a coin (head identified with 1
and tail identified with 2) in an independent way a certain number of times. We
are assuming that each time we toss the coin the probability of head is p and the
probability of tail is q.

Therefore, µ([211]) describes the probability of getting tail in the first time and head
in the two subsequent times we toss the coin, when we toss the coin three times.

Remark 1. The previous example shows that there are uncountably many σ-invariant
probabilities on {1, 2}N. �
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Markov chain

Again, we consider the case Σ = {1, 2}N. Pick p and q two positive numbers in ]0, 1[,
and set

P =

(
p 1− p

1− q q

)
=

(
P (1, 1) P (1, 2)
P (2, 1) P (2, 2)

)
.

The first writing of P shows that 1 is an eigenvalue. If we solve the equation

(x, y).P = (x, y),

we find a one-dimensional eigenspace (directed by a left eigenvector) with y =
1− p
1− qx. Therefore, there exists a unique left eigenvector (π1, π2) such that

(π1, π2).P = (π1, π2) and π1 + π2 = 1.

Note that π1 and π2 are both positive.

The measure µ is then defined by

µ([x0 . . . xn]) = πx0P (x0, x1)P (x1, x2) . . . P (xn−2, xn−1).

A simple way to see the measure µ is the following: a word ω = ω0 . . . ωn−1 has to be
seen as a path of length n, starting at state ω0 ∈ {1, 2} and finishing at state ωn−1.
The measure µ([ω]) is the probability of this space among all the paths of length n.
This probability is then given by the initial probability of being in state ω0 (given
by πω0) and then probabilities of transitions from the state ωj to ωj+1, these events
being independent.

A probability of this form is called the Markov measure obtained from the line
stochastic matrix P and the initial probability π.

Exercise 7
Show that the Bernoulli measure is also a Markov measure.

More generally we have

Definition 13. A d×d matrix P such that all entries are non-negative and the sum
of the elements in each line is equal to 1 is called a line stochastic matrix.

One can show that for a line stochastic matrix there exist only one vector π =
(π1, π2, ..., πd), such that all πj > 0, j ∈ {1, 2, .., d}, ∑d

j=1 πj = 1, and

π = π P.

It is called the left invariant probability vector.
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Definition 14. Given a d× d line stochastic matrix P , and its left invariant prob-
ability vector π = (ϕ1, ϕ2, ..., ϕd), we define, µ on Σ = {1, 2, . . . , d}, in the following
way: for any cylinder [x0, x1 · · ·xk]

µ([x0, x1 · · · xk]) = πx0 P (x0, x1)P (x1, x2)P (x2, x3) ... P (xk−1, xk).

This measure is invariant for the shift and it is called the Markov measure associated
to P and π.

1.2.2 General results on invariant measures

The definition of invariant measure involves Borel sets. The next result gives another
characterization of invariant measures (see [117]):

Proposition 15. The measure µ is invariant if and only if for any continuous
function f ∫

f(x) dµ(x) =

∫
f(σ(x)) dµ(x).

We denote by Mσ the set of invariant probabilities on Σ. Proposition 15 shows it
is a closed subset of probabilities for the weak*-topology, hence it is compact and
convex.

Definition 16. An extremal measure in Mσ is said to be ergodic.

This definition is however not useful and clearly not easy to check. The next propo-
sition gives other criteria for a measure to be ergodic.

Proposition 17. A probability µ is ergodic if and only if it satisfies one of the
following properties:

1. Every invariant Borel set has full measure or zero measure.

2. For f : Σ→ R continuous, f = f ◦ σ µ-a.e. implies f is constant.

Exercise 8
Show that a Markov measure is ergodic.

We can now state the main theorem in Ergodic Theory:

Theorem 2. (Birkhoff Ergodic Theorem) Let µ be σ-invariant and ergodic.
Then, for every continuous function f : Σ→ R there exist a Borel set K, such that
µ(K) = 1, and for every x in K

lim
n→+∞

1

n

n∑
k=1

f(σk−1(x)) =

∫
f dµ.
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The Birkhoff Theorem says that, under the assumption of ergodicity, a time average
is equal to a spatial average. Here is an example of application:

“Average cost of car ownership rises to $8,946 per year.”

What does the term average mean ? One can imagine that we count how many one
fixed person spends every year for his car, and then do the average cost. This is a
time-average. The main problem of this average is to know if it representative of
the cost of anybody.

On the contrary, one can pick some region, then count how many people spend in
1 year for their car, and take the average amount. This is a spatial average. The
main problem is to know if it represents how much each person is going to spend
along the years (at beginning the car is new, and then get older !).

The ergodic assumption means that the repartition of old and new cars in the space
is “well” distributed and/or that the chosen person in the first way to compute the
average cost is “typical”. Then, the Birkhoff theorem says that both averages are
equal.

Notation. We set Sn(f)(x) := f(x) + . . .+ f ◦ σn−1(x).

We finish this section with some application of ergodicity:

Proposition 18. Let µ be an invariant ergodic probability. Let x be a “generic ”
points in suppµ. Then, x returns infinitely many times as closed as wanted to itself.

Proof. Pick ε > 0 and consider the ball B(x, ε). It is a clopen set, hence 1IB(x,ε)

is continuous. The point x is generic for µ, then lim
n→∞

1

n
Sn(1IB(x,ε))(x) = µ(B(x, ε))

and this last term is positive. Therefore, there are infinitely many n such that
1IB(x,ε)(σ

n(x)) = 1.

1.3 Symbolic and other dynamics

The Symbolic dynamics is very useful to study other dynamics.

Definition 19. Two dynamical systems (X,T ) and (Y, f) are said to be conjugated
if there exists a bijection Θ : X → Y such that the following graph commutes :

X
T−→ X

Θ ↓ 	 ↓
Y

−→
f Y
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If the map Θ is onto, we say that the systems are semi-conjugated.

If X and Y are topological space we usually require Θ to be a homeomorphism or
a continuous function (for semi-conjugacy).

Example. The systems x 7→ 2x in [0, 1] is semi conjugated to the full shift {0, 1}N.
More precisely, the map Θ which associates to a sequence (xn) ∈ {0, 1}N the point

x :=
+∞∑
n=0

xn2−(n+1) is continuous, and one-to-one except for dyadic points (which is

a countable set of points). Note that the ω-limit set of the dyadic points is reduced
to the two fixed-points 0 and 1.

Theorem 3. If (X,T ) is an irreducible mixing Axiom-A diffeomoprhism then it is
semi-conjugated to a subshift of finie-type (ΣA, σ). The semi-conjugacy is Hölder
continuous and one-to-one except on some Fσ invariant subset, where it is finite-to-
one.

Proof. See [26]

1.4 Ergodic optimization and temperature zero

The setMσ of invariant measures is usually big. It is thus natural to find a way to
singularize some measures.

One first way is to consider maximizing measures:

Definition 20. Let A : Σ → R be a continuous function. An invariant measure µ
is said to be A-maximizing if∫

Adµ = max

{∫
Adν, ν ∈Mσ

}
=: m(A).

Note that this maximum is well defined because A is continuous andMσ is compact

for the weak*-topology. This yields that µ 7→
∫
Adµ is a continuous map on Mσ,

and then is bounded and reaches its bounds.

This will be studied in Chapter ??. There, it will be explained some tools, and
we emphasize that generically for the C0topology there exists a unique maximizing
measure.

Nevertheless it is extremely easy to construct non-generic examples: take two dis-
joint periodic orbits, say O(x) and O(y), set K = O(x) t O(y), and then pick
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A(ω) = −d(ω,K). It has two invariant ergodic maximizing measures, the periodic
measure associated to O(x) and the periodic measure associated to O(y).

We also emphasize that any convex combination of these two measures is also in-
variant and A-maximizing.

Another way to singularis some measure is the Thermodynamic formalism. This
will be the topic of Chapter 2.

Without entering too much into the theory, for a real parameter β we shall asso-
ciate to β.A a functional P(β), and for each β some measure µβ called equilibrium
state for the potential β.A. In statistical mechanics, β represents the inverse of the
temperature. Then, β → +∞ means that the temperature goes to 0.

The relations with ergodic optimization are the following:

1. β 7→ P(β) is convex and admits an asymptote for β → +∞. The slope is

given by m(A) = max

∫
Adµ.

2. Any accumulation point for µβ as β → +∞ is A-maximizing. Then the ques-
tion is to know if there is convergence and if yes, how does µβ select the limit
?

These are the mains points in Chapters 3 for general results and 5 for a specific
example.
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Chapter 2

Thermodynamic Formalism and
Equilibrium states

2.1 Motivation-main definitions

2.1.1 Motivations and definition

There are several motivations for the thermodynamic formalism of a dynamical
system. We present here the simplest to be understood, which is perhaps not the
more relevant.

A dynamical systems admits, in general, various ergodic measures. One natural
problem would be to find a way to singularize some among others.

Given A : Σ → R, the thermodynamic formalism aims to singularize measures via
the maximizing principal :

P(A) := sup
µ∈Mσ

{
hµ +

∫
Adµ

}
. (2.1)

The quantity hµ is the Kolmogorov entropy for the measure µ. It is a non-negative
real number, bounded by log d if Σ = {1, . . . d}N. Roughy speaking it measures the
chaos seen by the measure µ.

Definition 21. Any measure which realizes the maximum in (2.1) is called an equi-
librium state for A. The function A is called the potential and P(A) is the pressure
of the potential.

For a given σ-invariant measure µ, the quantity hµ+

∫
Adµ is called the free-energy

of the measure (with respect to the potential A).

19
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If we consider some fixed A : Σ→ R and β a real parameter, we write P(β) instead
of P(β.A). It is an easy exercise to check that β 7→ P(β) is convex, thus continuous.
In the rest of course, we will focus on this function, called the pressure function. In
statistical mechanics, β is the inverse of the temperature.

2.1.2 Entropy and existence of equilibrium states

We refer the reader to [26][114] [8] [76] [88] for the results we use from Thermo-
dynamic Formalism. We present here some results, the ones which are the most
important for our purpose.

We emphasize that the results we present here are stated for Σ but they holds for
any general irreducible subshift of finite type.

Entropy

For general results on entropy see also [10] and [100]. The complete description of
entropy is somehow complicated and not relevant for the purpose of this course.

A simple definition for the general case could be the following:

Theorem 4 (and definition). Let µ be a σ-invariant ergodic probability. Then, for
µ-a.e. x = x0x1x2 . . .,

lim
n→∞

− 1

n
log µ([x0x1 . . . xn])

exists and is independent of x. It is equal to hµ.

If µ0 and µ1 are both invariant and ergodic probabilities, for every α ∈ [0, 1] set
µα := α.µ1 + (1− α).µ0. Then,

hµα = αhµ1 + (1− α)hµ0 .

The definition for ergodic measure means that we can consider

µ([x0x1 . . . xn−1]) ≈ e−nhµ ,

for a.e. x. Roughly speaking entropy explains that very long cylinder have all there
same measure.

Examples
• Let us consider Σ = {1, 2}N and µ the Bernoulli measure given by the line stochas-

tic matrix P =

(
p q
p q

)
. We have seen before that

µ([x0 . . . xn−1]) = p# of 1’s in the wordq# of 2’s in the word.
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We also have seen before that
1

n
# of 1’s in the word→n→∞ µ([1]) = p, and

1

n
# of 2’s in the word→n→∞ µ([2]) = q. Therefore,

hµ = −p log p− q log q.

• More generally, if µ is the Markov measure associated to a line stochastic matrix
P , and, π = (π1, π2, , , , πd) is the stationary vector, then,

h(µ) = −
n∑

i,j=1

πi P (i, j) logP (i, j).

Exercise 9
Check that the limit in Theorem 4 exists if µ is Markov.

Proposition 22. The (metric) entropy is upper-semi continuous : If µn converges
to µ for the weak*-topology, then

hµ > lim sup
n→∞

hµn .

Existence of equilibrium states

As an immediate consequence of Proposition 22 we get:

Theorem 5. If A is continuous, then there exists at least one equilibrium state for
A.

We remind that β 7→ P(β) is convex. It is thus Lebesgue a.e. differentiable (actually
everywhere except on some possibly empty countable set). Then we get:

Lemma 23. Let β be such that P is differentiable at β. Then, for every equilibrium
state µβ for β.A,

P ′(β) =

∫
Adµβ.

Proof. Let β′ be any real number. Let µβ be any equilibrium state for β.A. The
definition of being equilibrium state yields

hµβ + β.

∫
Adµβ = P(β),
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and the definition of the pressure yields for β′, P(β′) > hµβ + β′.

∫
Adµβ. This

means that the graph of P is above the line β′ 7→> hµβ + β′.

∫
Adµβ and touches

it for β′ = β. This is an equivalent definition for the tangent to a convex graph.

The function β 7→ P(β) is convex, thus the slope of the graphe increases.

Proposition 24. The graph of P(β) admits an asymptote if β goes to +∞. The

slope is given by m(A) = sup

∫
Adµ.

The proof will be done later.

Theorem 6 (see [41]). Assume that A is continuous. Any accumulation point for
µβ (and for the weak* topology) is a A-maximizing measure.

The spirit of the proof is the following. If µβ maximizes hν + β.

∫
Adν, it also

maximizes
1

β
hν+

∫
Adν. If β → +∞ it maximizes

∫
Adν, since hν is non-negative

and bounded from above.

Exercise 10
Prove Theorem 6.

2.2 Uniqueness of Equilibrium State

Uniqueness does not always hold. Nevertheless the key result is the following:

Theorem 7. If A : Σ→ R is Hölder continuous, then there is a unique equilibrium
state for A. Moreover it is a Gibbs measure and β → P(β) is analytic.

We want to emphasize this result. If existence of equilibrium state is done via a
general result of maximization of a semi-continuous function, uniqueness is obtained
for Hölder continuous potential via a completely different way: the key tool is an
operator acting on continuous and Hölder continuous functions. Then, the pressure
and the equilibrium state are related to the spectral properties of this operator.
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2.2.1 The Transfer operator

In this section we consider a fixed α-Hölder potential A : Σ→ R.

We recall that A : Σ→ R is said to be α-Hölder, 0 < α < 1, if there exists C > 0,
such that, for all x, y we have |A(x)− A(y) | ≤ C d(x, y)α.

For a fixed value α, we denote by Hα the set of α-Hölder functions A : Σ→ R. Hα

is a vector space.

For a fixed α, the norm we consider in the set Hα of α-Hölder potentials A is

||A||α = sup
x 6=y

|A(x)− A(y)|
d(x, y)α

+ sup
x∈Σ
|A(x)|.

For a fixed α, the vector space Hα is complete with the above norm.

Definition 25. We denote by LA : C0(Σ) → C0(Σ) the Transfer operator corre-
sponding to the potential A, which is given in the following way: for a given φ we
will get another function LA(φ) = ϕ, such that,

ϕ(x) =
∑

a, ax0∈A

eA(ax) φ(ax).

In another form

ϕ(x) = ϕ(x0x1 · · · ) =
∑

a,ax0∈A

eA(ax0x1x2,...) φ(ax0x1x2...).

The transfer operator is also called the Ruelle-Perron-Frobenius operator. It had
been introduced by Ruelle and extends in some sense the matrices with positive
entries. We remind that for such matrices, the Perron-Frobenius theorem gives
information on the spectrum.

It is immediate to check that LA acts on continuous functions. It also acts on
α-Hölder functions if A is α-Hölder.

Consequently the dual operator acts on measures:

L∗A : µ 7→ ν∫
ψ dν :=

∫
LA(ψ) dµ.

Theorem 8 (see [?]). Let λA be the spectral radius of LA. Then, λA is an eigenvalue
for L∗A: there exists a probability measure νA such that

L∗A(νA) = λAνA.

This probability is called the eigenmeasure and/or the conformal measure.
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Then, the main ingredient to prove uniqueness of the equilibrium state is

Theorem 9. The operator LA is quasi-compact on Hα: λA is simple isolated and
the unique eigenvalue with maximal radius. The rest of the spectrum is contained in
a disk D(0, ρλA) with 0 < ρ < 1.

From Theorem 9 we get a unique HA, up to the normalization

∫
HA dνA = 1, such

that
LA(HA) = λAHA.

Exercise 11
Show that the measure defined by µA = HAνA is σ-invariant.

This measure is actually a Gibbs measure: there exists CA > 0 such that for every
x = x0x1 . . . and for every n,

e−CA 6
µA([x0 . . . xn−1])

eSn(A)(x)−n log λA
6 eCA . (2.2)

These two inequalities yields that the free energy for µA is log λA. The left-side
inequality yields that for any other ergodic measure ν,

hν +

∫
Adν < log λA.

In particular we get P(A) = λA and µA is the unique equilibrium state for A.

The same work can be done for β.A instead of A. Now, the spectral gap obtained in
Theorem 9 and general results for perturbations of spectrum of operators yield that
β 7→ P(β) is locally analytic. One argument of convexity shows that it is globally
analytic.

2.2.2 Conformal measure

If X is a compact metric space and f : X → X is a Borel map, and ν is a measure,
the dynamical system is said to be non-singular if f∗ν is absolutely continuous with
respect to ν, that is

ν(B) = 0 =⇒ ν(f−1(B)) = 0.

Example. if f is C1 on some manifold, the system is non-singular for the Lebesgue
measure.
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If the system (X, f, ν) is non-singular, it is normal to try to find some invariant
measure µ absolutely continuous with respect to the measure ν. This means that
we have

dµ = h.dν.

Invariance means ∫
φ ◦ f dµ =

∫
φ dµ∫

φ ◦ f h dν =

∫
φh dν.

Therefore, it is natural to consider the operator T : φ 7→ φ ◦ T and its dual. The
Radon-Nikodim derivative is actually a fixed point for the dual operator. It turns
out that the dual operator exactly is the Transfer operator.

This is well defined as soon as we get some non-singular measure ν. For the general
case, we need first to find this conformal measure. This is why we define the transfer
operator as acting on continuous functions, to get that its dual acts on measures.

Then, using notations of Theorem 8 we get that νA is a conformal measure with
Jacobian eA−P(A): for any Borel set B where σ

νA(B) =

∫
σ(B)

eA◦σ
−1(x)−P(A) dνA, (2.3)

where σ−1 is the inverse branch from σ(B) to B.

2.2.3 Some more results

The theory described above can be generalized to other cases. In the special case
of ΣT (irreducible shift of finite type) we can actually prove that λA is the unique
dominating eigenvalue. Moreover we get for every ψ Hölder continuous,

LnA(ψ) = enP(A)

∫
ψ dνβ.φ+ en(P(A)−ε)ψn, (2.4)

where ε is a positive real number (depending on A), ψn is continuous and ||ψn||∞ 6
C.||ψ||∞, for every n and C is a constant (depending on A). From this one get

P(A) = lim
n→∞

1

n
logLnA(1I),

which yields
dP
dβ

(β) =

∫
Adµβ.
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We finish this subsection by some important remark. We have seen the double-
inequality (2.2)

e−CA 6
µA([x0 . . . xn−1])

eSn(A)(x)−n log λA
6 eCA .

We emphasize here that CA is proportional to ||A||∞. Therefore, replacing A by
β.A and letting β → +∞ implies Cβ.A → +∞. More generally, doing β → +∞ will
explodes all the constants.

Nevertheless we have:

Proposition 26. Assume that A is α-Hölder. There exists a universal constant C

such that
1

β
logHβ.A is α-Hölder with norm bounded by C.||A||α.

Consequently, “at the scale ”
1

β
log we recover bounded quantities.

2.2.4 A complete and exact computation for one example

Let us now assume that A depends on two coordinates, that is

A(x0x1x2 . . .) = A(x0, x1).

We denote by A(i, j) the value of A in the cylinder [ij], i, j ∈ {1, 2, .., d}. In this
case, the Transfer operator takes a simple form:

LA(φ)(x0x1x2 . . .) =
∑

a∈{1,2,...,d}

eA(ax0) φ(ax0x1x2 . . .).

Let M be the matrix will all positive entries given by Mi,j = eA(i,j).

Lemma 27. The spectral radius of LA is also the spectral radius of M .

Proof. Assume that φ is a function depending only on one coordinate, i.e.,

φ(x0x1x2 . . .) = φ(x0).

Then, set by abuse of notation φ the vector (φ(1), φ(2), ..., φ(d)). Then, for every j

LA(φ)(j) =
s∑
j=1

Mij.φ(i),

which can be written as LA(φ) = M∗.φ. This yields that the spectral radius λM of
M is lower or equal to λA.



2.2. Uniqueness of Equilibrium State 27

We remind that the spectral radius is given by

λA := lim sup
n→∞

1

n
log |||LnA|||, and |||LnA||| = sup

||ψ||=1

||Ln(ψ)||∞.

The operator LA is positive and this shows that for every n, |||LnA||| = ||LnA(1I)||∞.
Now, 1I depends only on 1 coordinate, which then LnA(1I) = Mn(1I). This yields
λA 6 λM .

Theorem 10. (Perron-Frobenius) Let B = (bij) be a d× d matrix with positive
entries. Then, the spectral radius of B, say λ, is a simple dominated eigenvalue.
The associated eigenspace is generated by some “positive” vector u = (u1, · · · , ud)
with ui > 0.

Proof. Consider in Rd the simplex S = {u = (u1, · · · , ud), ui > 0, u1 + . . . ud = 1}.
As bij > 0, then B.S is a compact sub-simplex in the interior

◦
S of S.

The distance between B.S and ∂S is thus positive.

We equip B.S with the Finsler metric : if two points say ξ 6= ξ′ are in B.S, let
consider the line (ξξ′). It intersects ∂S in two points, say ζ and ζ ′. Assume that
these 4 points are in the order

ζ, ξ, ξ′, ζ ′.

Then we set d(ξ, ξ′) = log
|ζ − ξ′||ξ − ζ ′|
|ζ − ξ||ζ ′ − ξ′| .

S

B(S)
X

Y

Z

ζ

ζ ′

ξ

ξ′

Figure 2.1:

It turns out that d(., .) is a metric and that B is a contraction for d(., .) on B.S.
Therefore, there exists a unique u = (u1, . . . , ud) ∈ BS ⊂ S and a positive real
number λ̄ such that

B.u = λ̄.u.
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The same argument shows that u is the unique eigenvector (up to a multiplicative
factor) in (R+)d.

It remains to show that λ̄ = λ and that λ is simple.

By Theorem 10 there exists an eigenvector say φA = (φA(1), . . . , φA(d)) with positive
entries for the matrix M∗. The associated eigenvalue is also the spectral radius of
LA (due to Lemma 27).

Let us define the 2× 2 matrix PA = PA(i, j) with

PA(i, j) =
eA(i,j)φA(j)

λAφA(i)
.

Note that PA is a line stochastic matrix. Following Subsec. , there exists an invariant
Markov measure given by a vector π = (π1, . . . , πd). We can indeed recover this result
with the Perron-Frobenius theorem.

Actually, Theorem 10 applied to the adjoint matrix M yields an eigenvector vector
with positive entries u = (u1, . . . , ud). Set νi = φA(i).ui and ν = (ν1, . . . , νd). We
may also assume that ν1 + · · ·+ νd = 1. Then

ν.PA = ν.

The associated invariant measure µA is defined by

µA([x0 . . . xn−1]) = νx0PA(x0, x1) . . . PA(xn−2, xn−1).

The exact computation yields µA([x0 . . . xn−1]) = ux0e
Sn(A)(x)−n log λA .φA(xn−1). Since

u and φA have positive entries, this shows that µA is a Gibbs measure.

Things can be summarized as follows:

Let M = (Mij) be the matrix with entries eA(i,j). Let r = (r1, . . . rd) be the
right-eigenvector associated to λ with normalization

∑
ri = 1. Let l = (l1, . . . , ld)

be the left-eigenvector for λ with renormalization
∑
liri=1. Then, r is the

eigenmeasure νA and l is the density HA.
The Gibbs measure of the cylinder [i0 . . . in−1] is
µA = ([i0 . . . in−1]) = li0e

Sn(A)(x)−n log λArin−1



Chapter 3

Maximizing measures, Ground
states and temperature zero

3.1 Selection at temperature zero

3.1.1 The main questions

We remind Definition 20 of a A-maximizing measure: it is a σ-invariant probability
µ such that ∫

Adµ = max
ν∈Mσ

∫
Adν.

Existence of maximizing probabilities follows from the compactness of Mσ.

Consequently to this definition, the first questions we are interested in are related
to maximizing measures. We can for instance address:

1. For a given potential A, how big is the set of maximizing measures ?

2. How can we construct/get maximizing measures ?

3. For a given maximizing measure, how its supports does look like ?

We already mentioned above the relation between maximizing measures and equi-
librium states (see Theorem 6): assume A is Hölder continuous. Any accumulation
point for µβ is a A-maximizing measure.

This motivates a new definition:

Definition 28. Let A be Hölder continuous. A σ-invariant probability measure µ is
called a ground state (for A) if it is an accumulation point for µβ as β goes to +∞.

29
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Remark 2. The Hölder continuity of A is only required to get uniqueness for the
equilibrium state for β.A. �

Clearly a ground state is a A-maximizing measure but a priori a maximizing measure
is not necessarily a ground state. The natural question we can address are then:

1. Is there convergence for µβ as β goes to +∞ ?

2. If there is convergence, how does the family of measures µβ select the limit ?

Concerning the first question, there is one known example of non-convergence (see
[38]). Let us now detail the last question. Obviously, if there is a unique maximizing
measure, there is convergence because there is a unique possible accumulation point.
Let us thus assume that there are at least two different maximizing measures µmax,1
and µmax,2. Just by linearity, any convex combination of both measure µt = tµmax,1+
(1−t)µmax,2, t ∈ [0, 1], is also a A-maximizing measure. The question of the selection
is then to determine why the family (or even a subfamily) will converge to some
specific limit, if there are several possible choices.

The notion of ground states comes from Statistical Mechanics. Perhaps the most
famous example is the supraconductivity phenomenon: consider a one-dimensional
lattice with spins which can be up (say +1) or down (say -1). If the temperature
decreases, then, spins change and at very low temperature they are all up or down.
This modify the magnetic properties of the material. In statistical Mechanics β
is the inverse of the temperature, thus, doing β → +∞ means to reach the zero
temperature. The goal is thus to furnish mathematical tools to understand why
materials have a strong tendency to be highly ordered at low temperature. They
reach a crystal or quasi crystal configuration.

A dual viewpoint for maximizing measure is “generic” maximizing orbits. If µ is a
maximizing measure, then for µ almost every x,

lim
n→∞

1

n

n−1∑
j=0

A ◦ σj(x) = m(A).

It is then normal to study the problem with this viewpoint:

1. How can we detect that an orbit is A-maximizing ?

2. How related to maximizing measures is the set of maximizing orbits ?

3. How are A-maximizing orbits ?
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We will see that this “orbital” viewpoint leads to solve a cohomological inequality:

A > m(A) + V ◦ T − V. (3.1)

Definition 29. A coboundary is a function of the form ψ ◦ σ − ψ.

Exercise 12
Show that a coboundary has zero integral for any invariant measure.

3.1.2 Uniqueness and lock-up on periodic orbits

We mentioned above the notion of crystals or quasi-crystals. In our settings crystals
means periodic orbit. We will not deal with the question of quasi-crystal. Conse-
quently, an important point we want to emphasize here is the role of the periodic
orbits. Nevertheless, the regularity of the potential is of prime importance in that
study.

Theorem 11 (see [24]). Generically for the C0-norm the potential A has a unique
maximizing measure. This measure is not-supported by a periodic orbit.

We shall give the proof of this theorem inspired from [24]. We emphasize that this
proofs can be extended (concerning the uniqueness of the maximizing measure) to
any separable space. Another proof for Hölder continuous potentials can be found
in [41].

Proof. The set C0(Σ) is separable. Let (ψn) be a dense sequence in C0(Σ). Two
different measures, say µ and ν must give different values for some ψn. This means

{A, #Mmax > 1} =

{
A, ∃n ∃µ, ν ∈Mmax

∫
ψn dν 6=

∫
ψn dµ

}
=

⋃
n

{
A, ∃µ, ν ∈Mmax

∫
ψn dν 6=

∫
ψn dµ

}
=

⋃
n

⋃
m

{
A, ∃µ, ν ∈Mmax

∣∣∣∣∫ ψn dν −
∫
ψn dµ

∣∣∣∣ > 1

m

}
.

Set Fn,m :=

{
A, ∃µ, ν ∈Mmax

∣∣∣∣∫ ψn dν −
∫
ψn dµ

∣∣∣∣ > 1

m

}
. We claim that theses

sets are closed. For this we need a lemma:

Lemma 30. Let (Ak) be a sequence of continuous potentials converging to A. Let
µk be any maximizing measure for Ak and µ be an accumulation point for µk.

Then, lim
k→+∞

m(Ak) = m(A) and µ is a A-maximizing measure.
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Proof of Lemma 30. For any ε > 0, and for k sufficiently big,

A− ε 6 Ak 6 A+ ε.

This shows m(A) − ε 6 m(Ak) 6 m(A) + ε. Furthermore, we have m(Ak) =∫
Ak dµk, m(A) =

∫
Adµ and (up to a subsequence) lim

k→+∞

∫
Ak dµk =

∫
Adµ

because µk converges to µ for the weak* topology and Ak goes to A for the strong
topology.

We can thus show that the set Fn,m is closed in C0(Σ). Indeed, considering a sequence
Ak converging to A (for the strong topology), we get two sequences (µk) and (νk) of
Ak-maximizing measures such that∣∣∣∣∫ ψn dµk −

∫
ψn dνk

∣∣∣∣ > 1

m
.

We pick a subsequence such that µk and νk converge for this subsequence. Lemma
30 shows that the two limits, say µ and ν are A-maximizing and they satisfy∣∣∣∣∫ ψn dµ−

∫
ψn dν

∣∣∣∣ > 1

m
.

To complete the proof concerning generic uniqueness, we need to prove that the sets
Fn,m have empty interior.

For such A, the function ε 7→ m(A+ ε.ψn) is convex but not differentiable at ε = 0.
Assume µ and ν are A-maximizing and∫

ψn dµ >
∫
ψn dν +

1

m
,

then the right derivative if bigger than

∫
ψn dµ and the left derivative is lower than∫

ψn dν.

Now, a convex function is derivable Lebesgue everywhere (actually everywhere ex-
cept on a countable set), which proves that there are infinitely many ε accumulating
on 0 such that A+ ε.ψn cannot be in Fn,m.

Let us now prove that generically, the unique maximizing measure is not supported
on a periodic orbit.

Let us consider some periodic orbit O and µO the associated invariant measure. If
A is such that µO is not A-maximizing, then for every Aε closed, µO is still not
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Aε-maximizing (see the proof of Lemma 30). This proves that the set of A such that
µO is A-maximizing is a closed set in C0.

To prove it has empty interior, let consider A such that µO is A-maximizing, and
some measure µ closed to µO for the weak* topology. It can be chosen such that∫
Adµ > m(A)− ε with ε > 0 as small as wanted.

There exists a set Kε such that µO(Kε) < ε and µ(Kε) > 1 − ε, and then we can
find a continuous function 0 6 ψε 6 1, null on the periodic orbit O and such that∫
ψε dµ > 1− 2ε.

Then, ∫
A+ 2εψε dµO = m(A) < m(A)− ε+ 2ε− 4ε2 6

∫
A+ 2ε.ψε dµε.

This shows that µO is not A+ 2εψε-maximizing, thus the set of potential such that
µO is maximizing has empty interior.

As there are only countably many periodic orbits, this proves that generically, a
periodic orbit is not maximizing.

Now we mention a recent result which was conjectured for many years:

Theorem 12 (see [39]). Generically for the Lipschitz norm, the potential A has a
unique maximizing measure and it is supported by a periodic orbit

We have just seen that “generically” the maximizing measure is unique. This solve
the problem of convergence. Nevettheless, it is extremely simple to get example with
non-uniqueness for the maximizing measure. Let K be any σ-invariant compact set
such that it contains the support of at least two different invariant measure (in other
words K is not uniquely ergodic). Then set

A := −d(.,K).

Then A is Lipschitz and any measure with support in K is A-maximizing. It is so
simple to obstruct examples where uniqueness fails that generic uniqueness cannot
be seen as sufficient to consider the problem as solved.

Moreover, the problem of selection is so fascinating, that it is just for itself interest-
ing.
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3.1.3 First selection: entropy criterion

In this section we consider A : Σ → R Lipschitz continuous. Note that in that
specific case, results also hold for Hölder continuous potentials. We denote byMmax

the set of maximizing measures.

Definition 31. The Mather set of A is the union of the support of all the A-
maximizing measures.

Theorem 13. Any Ground state has maximal entropy among the set of maximizing
measures. In other word, any accumulation point µ∞ for µβ satisfies

hµ∞ = max {hν , ν ∈Mmax} .

Proof. First, note thatMmax is closed, thus compact inMσ. The entropy is upper-
semi-continuous, then, there exists measures in Mmax with maximal entropy.

Let µ∞ be such a measure, and set hmax = hµ∞ . Then

hmax + β.m(A) = hµ∞ + β.

∫
Adµ∞ 6 P(β). (3.2)

We remind that β 7→ P(β) admits an asymptote as β → +∞, which means that
there exists some h such that

P(β) = h+ β.m(A) + o(β),

with lim
β→+∞

o(β) = 0. Then, Inequality (3.2) shows that hmax 6 h. Now consider µ∞

any accumulation point for µβ. Theorem 6 says that it is A-maximizing. On the
other hand

h+ β.m(A) + o(β) = P(β) = hµβ + β.

∫
Adµβ 6 hµβ + β.m(A)

yields hmax > hµ∞ > lim sup
β→+∞

hµβ > h > hmax.

Remark 3. In Statistical Mechanics, hmax is called the residual entropy: it is the
entropy of the system at temperature zero, when it reach its ground state. �

Consequently, if the Mather set admits a unique measure of maximal entropy, µβ
converges to this measure as β → +∞.

We have seen in Proposition 24 that the pressure function β 7→ P(β) admits an
asymptote as β → +∞. Actually this asymptote is given by

hmax + β.m(A).

Theorem 13 justifies the study of the set of maximizing orbits. This is the goal of
next section.
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3.2 The Aubry set and the subcohomological in-

equality

3.2.1 Calibrated subactions

Consider A : Σ→ R Lipschitz and β > 0. The transfer operator yields for every x,

eP(β)Hβ(x) =
∑

i, ix0∈A

eβ.A(ix)Hβ(ix), (3.3)

where all the subscribed β.A have been replaced by β for simplicity.

We have seen that if β goes to +∞ there is control on the constant, but this control

exists at the
1

β
log-scale.

Exercise 13

Show that lim
β→+∞

1

β
log(eβ.a + eβ.b) = max(a, b).

Actually, Proposition 26 shows that the
1

β
logHβ form an equicontinuous family. We

can consider accumulation point, say V , it is Lipschitz continuous. For simplicity
we keep writing β → +∞ even if we actually consider subsequences. Then, taking
1

β
log of (3.3), doing β → +∞, Proposition 24 implies

m(A) + V (x) = max
i
{V (ix) + A(ix)} . (3.4)

Definition 32. A continuous function u : Σ → R is called a calibrated subaction
for A : Σ→ R, if for any x ∈ Σ, we have

u(x) = max
σ(y)=x

[A(y) + u(y)−m(A)]. (3.5)

Consequently any accumulation point for
1

β
logHβ is a calibrated subaction. Now,

Equality (3.4) yields for every i and every x such that ix0 is admissible,

A(ix) 6 m(A) + V (x)− V (ix),

which can be rewritten as A(y) = m(A) + V ◦ σ(y) − V (y) + g(y), where g is a
non-positive function. By Proposition 26 it is also Lipschitz continuous.

Theorem 14. There exists an invariant set A called the Aubry set such that
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1. A contains the Mather set, or equivalently any A-maximizing measure has its
support in A.

2. Restricted to A, A−m(A) is equal to a Lipschitz coboundary.

This theorem answers to the question of detection of maximizing orbits. The termi-
nology is borrowed from the Aubry-Mather Theory (see [106] [40] [48] [104] [56]).

Definition 33. Given A, the Mañé potential is:

SA(x, y) :=

lim
ε→0

[
sup

{ n−1∑
i=0

[
A(σi(z))−mA

] ∣∣∣ n ∈ N, σn(z) = y, d(z, x) < ε
}]
.

Proof of Theorem 14 . We set A := {x ∈ Σ |SA(x, x) = 0 }. Let check that A
satisfies the required conditions.

First of all, let z be in Σ. We can write Then we get

Sn(A−m(A))(z) = Sn(g)(z) + V ◦ σn(z)− V (z). (3.6)

Now, pick y and consider z such that σn(z) = y. This yields

Sn(A−m(A))(z) = Sn(g)(z) + V (y)− V (z) 6 g(z) + V (y)− V (z) 6 V (y)− V (z).
(3.7)

Therefore, for every x and y, continuity of V shows

SA(x, y) 6 g(x) + V (y)− V (x) 6 V (y)− V (x). (3.8)

Now, we show that if µ is a A-maximizing ergodic measure then suppµ ⊂ A. This
will, in particular, imply that A is not empty. Consider x generic for µ (and also in
the support of µ). V is Lipschitz, thus bounded and x is generic for µ, then Equality

(3.6) yields lim
n→∞

1

n
Sn(A−m(A))(x) = 0. Consequently g is a non-positive function

satisfying

∫
g dµ = 0. Since µ is ergodic and g is continuous, we have g|suppµ ≡ 0.

This implies
A(x) = m(A) + V ◦ σ(x)− V (x),

for every x ∈ suppµ.

Now, x returns infinitely many times as closed as wanted to itself (see Proposition
18). This yields that for a given ε = 1

2N
, there are infinitely many ni such that

x = x0x1 . . . xni−1x0x1 . . . xN−1 . . . .
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Equivalently, this means that the word x0 . . . xN−1 appears infinitely many times
into x = x0x1 . . ..

This yields that for such ni, the word

z = x0x1 . . . xnix,

coincides with x for at least ni +N digits. Lipschitz regularity for A and g yields

|Sni(A)(z)− Sni(A)(x)| 6 C.
1

2N
, and |Sni(g)(z)− Sni(g)(x)| 6 C.

1

2N
.

Remind that g ◦ σk(x) = 0 for every k because x beings to suppµ, and that V is
also Lipschitz continuous. Therefore we get

|Sni(A−m(A))(z)| 6 C
1

2N
, σni(z) = x and d(z, x) 6

1

2ni+N
.

This yields that SA(x, x) > 0 and Inequality (3.8) yields SA(x, x) 6 0. Therefore, x
belongs to A.

Now, we prove that A−m(A) restricted to A is a coboundary. Let x be in A. Note
that Inequality (3.8) yields

0 6 SA(x, x) 6 g(x) 6 0,

which show that g is equal to 0 on A. Therefore A−m(A) is a coboundary on A.

The last point to check is that A is σ-invariant. Let x be in A. Let ε0 > 0 be fixed
and suppose z is such that σn(z) = x and d(x, z) < ε. Then,

Sn(A)(z) = A(z) + A ◦ σ(z) + . . .+ A ◦ sn−1(z)

= A(σ(z)) + . . .+ A ◦ σn−2(σ(z)) + A(z)

= A(σ(z)) + . . .+ A ◦ σn−2(σ(z)) + A(x) + A(z)− A(x)

= Sn(A)(σ(z)) + A(z)− A(x).

Note that d(σ(z), σ(x)) = 2d(z, x) < 2ε and |A(z)−A(x)| 6 C.d(z, x) < Cε. Taking
the supremum over all the possible n for fixed ε, and then letting ε→ 0 shows

SA(x, x) = SA(σ(x), σ(x)).

Proposition 34. The Aubry set is compact.

Proof. The definition of SA yields

SA(x, x) = lim
ε→0

sup
n
{Sn(g)(z), σn(z) = x d(x, z) < ε}.
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The function g is non-positive, thus Sn(g)(z) is always non-positive. To realize
SA(x, x) = 0, it can be done if and only if for every n, there exists z, such that
σn(z) = x and Sn(g)(z) = 0. Lipschitz continuity of g shows that this condition is
closed: if x does not satisfies this condition, there exists n such that for every z,
such that σn(z) = x, Sn(g)(z) < 0. This is obviously true for every x′ sufficiently
closed to x.

3.2.2 Description of the Aubry set. The case of locally con-
stant potential

Here we consider a potential depending on 2 coordinates : A(x0x1x2 . . .) = A(x0, x1).
We set A(i, j) for A(x) with x = ij . . ..

Note that in that case Hβ is constant one each 1-cylinder [i]: remind that in that
case Lβ is just a matrix and Hβ is its left dominating eigenvector. This also holds

for
1

β
logHβ and then for any accumulation point V .

If x is in Σ and z is such that σn(z) = x and d(x, z) < 1, then, V (x) = V (z). Hence,

Sn(A−m(A))(z) = Sn(g)(z) 6 0.

If y is in A, g|A ≡ 0, then Sn(A − m(A))(y) = V ◦ σn(y) − V (y). If σn(y) and y
are in the same 1-cylinder, then Sn(A − m(A))(y) = 0. Furthermore, if z is the
periodic orbit given by the concatenation of y0y1 . . . yn−1, then Sn(A−m(A))(z) =
Sn(A−m(A))(y) because all the transitions zi → zi+1 are the same than for y (for
i 6 n− 1).

This shows that m(A) is reached by periodic orbits.

Definition 35. A periodic orbit obtained as the concatenation of z0 . . . zn−1 is said
to be simple if all the digits zi are different.

Example. 123123123 . . . is a simple periodic orbit of length 3. 121412141214 . . . is
not a simple periodic orbit.

One simple periodic orbit of length n furnishes n bricks, that are the words producing
the n points of the orbit :

Example. The bricks of 123123123 . . . are 123, 231 and 312.

Then, the Aubry set A is constructed as follows :

1. List all the simple periodic orbits. This is a finite set.
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2. Pick the ones such that their Birkhoff means are maximal. This maximal
vague is m(A). Such a simple periodic orbit is also said to be maximizing.

3. Consider the associated bricks for all these simple maximizing periodic orbits.

4. The set A is the subshift of finite type constructed from these bricks:

(a) Two bricks can be combined if they have a common digit. On one of
the simple loop one glues the other simple loop. A brick x0x1 . . . xn and
xny1 . . . yk produce the new periodic orbit x0x1 . . . xny1y2 . . . ykxnx0x1 . . . xny1y2 . . . ykxn . . .

Example. 123 and 345 produce the new orbit 123453123453 . . ..

(b) A is the closure of the set of all the periodic orbits obtained with this
process.

We can also define A from its transition matrix. Set Tij = 0 for every j if i does
not appear in any of the bricks. If i appears in a brick, set Tij = 1 if ij appears in
a brick (for j 6= i). If i is also a brick (that means that the fixed point iiiiii . . . is a
maximizing orbit) set also Tii = 1. Set Tij = 0 otherwise. Then A = ΣT .

Example. If the bricks are (up to permutations) abc, cde, fgh, gi and fj, the
transition matrix restricted to these letters is

T =



0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 0


.

Figure 3.1: The graph for T

The set A is a subhift of finite type. It can thus be decomposed in irreducible
components, say A1 . . . ,Ar. Each component admits a unique measure of maximal
entropy, say µ1, . . . , µr. Let hi be the associated entropies. We assume that the
order has been chosen such that

h1 > h2 > . . . > hr.
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In that case, the topological entropy for A is h1. More precisely, assume that j0 is
such that

h1 = h2 = . . . = hj0 > hj0+1 > hj0+2 . . . .

Then A admits exactly j0 ergodic measures of maximal entropy h1. Any ground
state is a convex combination of these j0 ergodic measures.

In that special case, it is proved that there is only one ground state:

Theorem 15 (see [29, 79, 37]). If A depends only on two coordinates, then µβ
converges as β → +∞.

Example. In the previous example, A has two irreducible components. The first
one has entropy 1

3
log 2 ∼ 0.23. The second one has entropy ∼ 0.398. In that case

the ground state is the unique measure of maximal entropy, which has support in
the second irreducible component.

3.2.3 Some consequences of Theorem 15

A dual viewpoint for the selection problem is the following. For every β µβ has full
support. In some sense the measure µβ can be seen as a set of points (the set of
Generic points see [105]). This set of point is dense.

However, as β → +∞ this set remains dense but accumulates itself on the Aubry set
A. More precisely, it is going to accumulate on the irreducible components which
have positive weight for some ground state.

The selection problem is thus to determine what are the components of A where
the set accumulates itself.

It may happen that an irreducible component of A has maximal entropy but has no
weight at temperature zero. In [79], the author introduced the notion of isolation
rate between the irreducible components and showed that only the most isolated
component have weight at temperature zero.

One natural question is to study the speed of convergence for µβ. More precisely, if
C is a cylinder such that C ∩ A = ∅, then lim

β→+∞
µβ(C) = 0 (because any possible

accumulation point gives 0-measure to C). It is thus natural to study the possible
limit:

lim
β→+∞

1

β
log(µβ(C)).



Chapter 4

The Peierl’s barrier and the Large
deviation principle

4.1 Irreducible components of the Aubry set

4.1.1 Definition of the Peierl’s barrier

We have seen above that if A depends on two coordinates the Aubry set A is a
subshift of finite type. It thus has well-defined irreducible components, each one
being the support of a unique measure of maximal entropy. For more general case,
there are no reasons why A should be a subshift of finite type. Actually it can be
any invariant subset as it was shown above : pick any compact set A and consider
A := −d(.,A).

In that condition it is far from obvious to define the irreducible components of A
and to determine the measures of maximal entropy.

Definition 36. The Peierl’s barrier between x and y is defined by

h(x, y) := lim
ε→0

lim sup
n→∞

{Sn(A−m(A))(z), σn(z) = y d(x, z) < ε} .

We remind that we got A = m(A) + V ◦ σ − V + g, where V is a calibrated

subaction (obtained via a converging subsequence for
1

β
logHβ) and g is a non-

positive Lipschitz function. Replacing this expression of A into the definition of the
Peierl’s barrier we get

h(x, y) = lim
ε→0

lim sup
n→∞

{Sn(g)(z), σn(z) = y d(x, z) < ε} .

41
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This shows that to compute h(x, y), we morally have to find a sequence of pre-images
for y which converges as fast as possible to x.

We shall see later that of prime importance equality h(x, y) + h(y, x) = h(x, x) is.

Theorem 16. For any x, the Peierl’s barrier y 7→ h(x, y) is a Lipschitz calibrated
subaction. Moreover h(x, x) = 0 if and only if x belongs to A.

Proof. Pick x and y. Consider z such that σn(z) = y, d(x, z) < ε. Note that in
Σ, z is just the concatenation z0 . . . zn−1y. For y′ close to y (namely y0 = y′0), we
consider z′ := z0 . . . zn−1y

′ ; the Lipschitz regularity for g yields

|Sn(g)(z)− Sn(z′)| 6 C.d(y, y′),

for some constant C. If we consider a sequence of z realizing the lim sup and then
do ε→ 0, we get

h(x, y) 6 h(x, y′) + C.d(y, y′).

The same argument shows h(x, y′) 6 h(x, y) + C.d(y, y′) and then y 7→ h(x, y) is
Lipschitz continuous.

Let us show it is a calibrated subaction. For this consider y, n and ε such that
σn(z) = y and d(x, z) < ε. Then, d(x, z) < ε and sn+1(z) = σ(y). Moreover

Sn+1(A−m(A))(z) = Sn(A−m(A))(z) + A(y)−m(A). (4.1)

Considering a sequence of z realizing the lim sup for h(x, y), taking the limit along
the subsequence and then doing ε→ 0 we get

h(x, y) + A(y)−m(A) 6 h(x, σ(y)).

This shows that y 7→ h(x, y) is a subaction. It remains to show that for a fixed
value for y′ = σ(y), the equality is achieved for one preimages of y′. This follows
from taking the z’s and the n’s in Equality (4.1) which realize the lim sup for the
left hand-side of the equality. Then we get

h(x, y′) 6 h(x, y) + A(y)−m(A),

with σ(y) = y′. As the reverse inequality holds, the global equality holds.

both definition of the Mañé potential and the Peierl’s barrier are very similar, except
that in one we consider the supremum and in the other we consider a lim sup. This
immediatey shows that

h(x, y) 6 SA(x, y),

and then h(x, x) = 0 yields SA(x, x) = 0 (due to Inequality 3.8), thus x belongs to
A. Let us prove the converse. Set x in A. Consider ρ > 0 small and ε0 such that
for every ε < ε0,

sup
n
{Sn(A−m(A))(z), σn(z) = x d(z, x) < ε} > −ρ. (4.2)
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In the following, we assume for simplicity that x is not periodic, but the proof can
be easily extended to that case.

Inequality(4.2) holds for every ε. We thus construct a subsequence (nk) by induction.
We pick any ε and consider n0 realizing the supremum up to −ρ. Then we get

Sn0(A−m(A))(z0) > −2ρ with σn0(z0) = x and d(x, z0) < ε.

Now we use Inequality(4.2) but with1 ε1 < min {d(x, z), σn(z) = y n 6 n0}.
We get n1 > n0 and z1 such that

Sn1(A−m(A))(z1) > −2ρ with σn1(z1) = x and d(x, z1) < ε1.

We then proceed by induction with εk+1 < min {d(x, z), σn(z) = y n 6 nk}. Then
we have

−2ρ 6 Snk(A−m(A))(zk), with σnk(zk) = y and d(x, zk) < ε

then

−2ρ 6 lim sup
n→∞

{Sn(A−m(A))(z), σn(z) = x d(x, z) < ε} .

This holds for every 0 < ε < ε0 and then h(x, x) > −2ρ. Then we do ρ → 0, and
h(x, x) > 0. the reverse equality is always true, so h(x, x) = 0.

4.1.2 Definition of the irreducible components of the Aubry
set

Here, we show that the Peierl’s barrier allow to define “irreducible” components of
the Aubry set.

Lemma 37. For any x, y and z

h(x, y) > h(x, z) + h(z, y). (4.3)

Proof. Let ε > 0 be fixed. Consider a preimage y′ of y close to z and a preimage z′

of z close to x. For small ε, z′ satisfies z′ = z′0 . . . z
′
n−1z and then y′′ := z′0 . . . z

′
n−1y

′

is also a preimage of y. The cocycle relation yields, if σm(y′) = y,

Sn+m(A−m(A))(y′′) = Sn(A−m(A))(y′′) + Sm(A−m(A))(y′).

The Lipschitz regularity shows that Sn(A−m(A))(y′′) differs from Sn(A−m(A))(z′)
of a term ±C.ε. If we assume that the n’s and the m′s are chosen to realize the
respective lim sup, the term form the left-hand side is lower than the lim sup. Then
the Lemma is proved.

1Here we use that this distance is positive.
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Lemma 38. For any x in A, h(x, σ(x)) + h(σ(x), x) = 0.

Proof. Lemma 37 and Theorem 16 show that

h(x, σ(x)) + h(σ(x), x) 6 h(x, x) = 0.

It remains to prove it is non-negative. The Peierl’s barrier is a subaction thus

h(x, σ(x)) > A−m(A) + h(x, x) = A−m(A).

Now, consider y a preimage of x ε-close to σ(x). Say y = y0 . . . yn−1x. Then,
x′ := x0y0 . . . yn−1x is a preimage of x ε-close2 to x. In particular A(x′) = A(x)±C.ε.
We emphasize that is is equivalent to have x′ → x or y → σ(x).

We assume that these quantities are chosen such that Sn+1(A−m(A))(x′) converges
to the lim sup if n goes to +∞. Now,

Sn+1(A−m(A))(x′) = A(x′)−m(A) + Sn(A−m(A))(y).

Doing n → +∞, the right-hand side term is lower than h(σ(x), x) + A(x) −m(A)
and the left-hand side term goes to h(x, x) = 0. This yields

0 6 h(σ(x), x) + A(x)−m(A) 6 h(σ(x), x) + h(x, σ(x)).

Lemma 39. Let x y and z be in A. If h(x, y)+h(y, x) = 0 and h(y, z)+h(z, y) = 0,
then h(x, z) + h(z, x) = 0.

Proof. Inequality (4.3) shows

h(x, z) + h(z, x) > h(x, y) + h(y, z) + h(z, y) + h(y, x) = 0 + 0 = 0.

It also yields h(x, z) + h(z, x) 6 h(x, x) = 0.

Lemma 39 proves that h(x, y) + h(y, x) = 0 is a transitive relation. Since it is
obviously symmetric and reflexive, then it is an equivalence relation on A.

Definition 40. The equivalence classes for the relation

h(x, y) + h(y, x) = 0,

are called irreducible components of A.

Note that x and σ(x) belong to the same class, which shows that the classes are
invariant. The continuity for the Peierl’s barrier has been proved with respect to
the second variable for a fixed first variable. It is thus not clear that an irreducible
component is closed.

2Actually ε
2 -close to x.
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4.1.3 The locally constant case

If the potential is locally constant, we have seen in Subsection 3.2.2 that the Aubry
set A is a subshift of finite type, for which the notion of irreducible component has
already been defined (see 4). We have to check that the two notions coincide.

We have seen that the irreducible components of a subshift of finite type are exactly
the transitive components. We shall use this description to show that irreducible
components of the Aubry (in the sense of the Peierl’s barrier) set are the irreducible
components (with respect to subshifts).

Lemma 41. Assume A depend only on two coordinates. Let x and y be in Σ. As-
sume that d(z, x) 6 1

4
, σn(z) = y and there exists 1 6 k < n such that d(σk(z), x) 6

1
4
. Then,

Sn(A−mA)(z) 6 Sn−k(A−mA)(σk(z)).

Proof. We consider a calibrated subaction V . We have seen it only depends on one
coordinate. We remind that for every ξ,

A(ξ) = mA + V ◦ σ(ξ)− V (ξ) + g(ξ) (4.4)

holds, where g is a non-positive function (depending only on 2 coordinates). Now
we have

Sk(A−mA)(z) = Sk(g)(z) + V (σk(z))− V (z) = Sk(g)(z) 6 0.

From Lemma 41 we claim that for every x and y,

h(x, y) = SA(x, y) = max

{
Sn(A−mA)(z)σn(z) = y d(z, x) 6

1

4

}
. (4.5)

Lemma 42. Let consider some y in Σ. The map x 7→ h(x, y) is continuous

Proof. Consider a sequence (xn) converging to x. Assume that all these xn and x
coincide for at least 2 digits. Then,

d(z, xn) 6
1

4
⇐⇒ d(z, x) 6

1

4
.

For y and n, consider any z realizing the maximum into the definition of SA(xn, y).
It also realizes the maximum for SA(x, y) and more generally for every SA(xk, y).
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Lemma 42 shows that any irreducible components of the Aubry in the sense of
definition 40 is closed. It is also invariant. We thus have to show it is transitive.

Let us consider some components and pick two open sets U and V (for the com-
ponents). We still assume that Equality (4.4) holds. Consider x ∈ U ∩ A and
y ∈ V ∩ A. By definition

h(x, y) + h(y, x) = 0.

By Equality (4.5), h(x, y) is realized by some Sn(A−mA)(z) and h(y, x) is realized
by some Sm(A−mA)(z′). Moreover we can also assume that z belongs to U and z′

belongs to V .

Indeed, if it is not the case, we can always follow preimages of x in the component
A which are exactly on the set g−1({0}).
From the two pieces of orbits z, σ(z), . . . , σn(z) and z′, σ(z′), . . . , σm(z′) we can con-
struct a periodic orbit. Denote by ξ the point of this periodic orbit in U . Then we
claim that

h(y, ξ) = h(y, x) = Sm(A−mA)(z′) and h(ξ, y) = h(x, y) = Sn(A−mA)(z).

This shows that ξ belongs to A and to the same component than y. Therefore
σ−m(U) ∩ V 6= ∅ and the component is transitive.

4.2 On the road to solve the subcohomological

inequality

4.2.1 Peierl’s barrier and calibrated subactions

The Peierl’s barrier satisfies an important property. It shows that a calibrated
subaction is entirely determined by its values on the Aubry set.

Theorem 17 (see [50]Th. 10). ] Any calibrated subaction u satisfies for any y

u(y) = sup
x∈A

[h(x, y) + u(x)], (4.6)

Proof. We show that any calibrated subaction u is entirely determined by its values
on the Aubry set A.

Let us thus consider some calibrated subaction u. Let y be in Σ. Let y−1 be any
preimage of y such that

u(y) = A(y−1)−m(A) + u(y−1).
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More generally we consider a sequence y−n such that σ(y−n) = y−n+1 and

u(y−n+1) = A(y−n)−m(A) + u(y−n).

We claim that any accumulation point for (y−n) belongs toA. Indeed, let us consider
some converging sequence y−nk , converging to x.

For k′ > k we get σnk′−nk(y−nk′ ) = y−nk . Therefore we have

Snk′−nk(A−m(A))(y−nk′ ) = u(y−nk)− u(y−nk′ ),

and ynk → x yields
SA(x, x) > 0.

since SA(x, x) 6 0 always holds (see Inequality (3.8)), this shows that the limit point
x belongs to A.

Now we have Snk(A−m(A))(ynk) = u(y)− u(ynk), which yields

h(x, y) > u(y)− u(x).

In particular u(y) 6 supx′∈A{h(x′, y) + u(x′)} holds.

Actually the reasoning we have just done allow to get a finer result. Consider z in
Σ. the we can write

A(z) = m(A) + u ◦ σ(z)− u(z) + g(z),

where g is a non-positive Lipschitz function. Now, consider zn such that σn(z) = y.
We get

Sn(A−m(A))(zn) = u(y)− u(z) + Sn(g)(z) 6 u(y)− u(z).

This shows that
h(x′, y) 6 u(y)− u(x′)

always holds (consider any x′ and take a subsequence of zn converging to it). Then
Equality 4.6 holds.

Moreover, the irreducible component get a special importance :

Theorem 18. If x and z are in the same irreducible component of A, then for any
y,

h(x, y) + u(x) = h(z, y) + u(z).

Proof. We remind tow inequalities and one equality:

h(x, y) > h(x, z) + h(z, y),

u(x) > h(z, x) + u(z),

h(x, z) + h(z, x) = 0.



48 Chapter 4. The Peierl’s barrier and the Large deviation principle

Then,

u(x) + h(x, y) > u(x) + h(x, z) + h(z, y)

> u(x)− h(z, x) + h(z, y) + u(z)− u(z) = u(x)− u(z)− h(z, x) + h(z, y) + u(z)

> h(z, y) + u(z).

Exchanging the roles of x and z shows that the reverse inequality also holds.

4.2.2 Selection of calibrated subactions

We remind that for a given β > 0, the equilibrium state µβ is also a Gibbs measure
obtained by the product of the eigenfunction Hβ and the eigenprobability3 νβ. We

also remind that any accumulation point for the family
1

β
logHβ is a calibrated

subaction.

It is thus natural to study the selection of the calibrated subaction:

1. What are the accumulation points for
1

β
logHβ as β → +∞ ?

2. Is there convergence for
1

β
logHβ as β → +∞ ?

Uniqueness of the maximizing measure gives a partial answer to these questions:

Theorem 19. Assume that there is a unique A-maximizing measure, then all the
calibrated subactions are equal up to an additive constant.

Proof. In that case A is uniquely ergodic and has thus a single irreducible compo-
nent. If x0 is any point of A, Theorems 18 and 17 show that any calibrated subaction
is entirely determined by its value on x0.

We point out that even in that simple case, the convergence for
1

β
logHβ is not clear.

In that direction we mention one of the results in [81]. For simplicity we state it
using the setting of [12].

Theorem 20 (see [81]). Assume that Σ = {1, 2, 3}N and A satisfies

A(x) :=


−d(x, 1∞) if x = 1 . . . ,

−3d(x, 2∞) if x = 2 . . . ,

−α < 0 if x = 3 . . . .

3which is also the conformal measure.
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Then, νβ → δ1∞ as β → +∞ and
1

β
logHβ converges.

This theorem shows that flatness is a selection criterion: the Aubry set in that case
is reduced to {1∞}∪{2∞} and the two unique ergodic maximizing measures are the
dirac measures δ1∞ and δ2∞ . The potential is “more flat” in 1∞ than in 2∞. Then
the Theorem says that the locus where the potential is flatter wins the eigenmeasure.
In that case it is sufficient to determine all the calibrated subactions.

More generally if the Aubry set A is not a subshift of finite type, the problem
concerning selection is that

1. there is no theory for measure of maximal entropy for general subshifts.

2. there is no necessary existence or uniqueness of conformal measure (one of the
key point in Theorem 20 to select calibrated subactions).

We shall also see that the problem of selection of subaction is related to the multi-
plicity of an eigenvector in the Max-Plus formalism.

4.3 Large deviation for the Gibbs measure

In the study of Large Deviations when temperature goes to zero one is interested in
the limits of the following form:

lim
β→∞

1

β
log µβ(C), (4.7)

where C is a for a fixed cylinder on Σ.

In principle, the limit may not exist. We remind that general references in Large
deviation are [45] [46]).

Definition 43. We say there exists a Large Deviation Principle for the one parame-
ter family µβ, β > 0, if there exists a non-negative function I, where I : Σ→ R∪{∞}
(which can have value equal to infinity in some points), which it is lower semi-
continuous and for any cylinder set C ⊂ Σ,

lim
β→+∞

1

β
log µβ A(C) = − inf

x∈C
I(x).

In the affirmative case an important point is to be able to identify such function I.
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Theorem 21 (see [9, 99]). Assume that A admits a unique maximizing measure.
Let V be a calibrated subaction. Then, for any cylinder [i0i1...in], we have

lim
β→∞

1

β
log µβ([i0i1...in]) = − inf

x∈[i0i1...in]
{I(x)},

where

I(x) =
∞∑
n=0

[V ◦ σ − V − (A−m(A)) ]σn (x).

In the case the potential A depends on two coordinates and the maximizing proba-
bility is unique we get

I(x) = I(x0, x1..., xk, ..) =
∞∑
j=0

[V (xj+1)− V (xj)− A(xj, xj+1) +m(A) ].



Chapter 5

One explicit example with all the
computations

Preliminaries: Max-Plus algebra We equip R ∪ {−∞} with two new binary
operators :

1. ⊕ is defined my a⊕ b = max(a, b), with the rule −∞ < a, for any a ∈ R.

2. ⊗ is defined by a⊗ b = a+ b with the rule a⊗ (−∞) = −∞.

We claim that (R∪{−∞},⊕,⊗) is a commutative algebra. The two neutral elements
are respectively −∞ and 0.

Lemma 44. Let a, b, c and d be real numbers. Let v1 and v2 and t be such that

t⊗
(
v1

v2

)
=

(
a b
c d

)
⊗
(
v1

v2

)
.

Then, t = max(a, d,
b+ c

2
).

Proof. We get the two equations

v1 + t = max(v1 + a, v2 + b) v2 + t = max(v1 + c, v2 + d).

This yields t > a and t > d. From v1 + t > v2 + b and v2 + t > v1 + c we get

2t > c+ b. This proves t > max(a, d,
b+ c

2
).

Assume that t > max(a, d), then we must have v1 + t = v2 + b and v2 + t = v1 + c,
which finishes the proof.

51
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The example. We consider the following particular case: Σ := {1, 2, 3}N and A
is a non-positive potential depending only on two coordinates. For each pair (i, j)
we set A(i, j) = −εij. We assume that

ε11 = ε22 = 0,

and for every other pair εij > 0.

Note that there are only two ergodic A-maximizing measures, namely, δ1∞ and δ2∞ ,
which are the Dirac measures at 1∞ := 111 . . . and at 2∞ := 222 . . .. The Aubry
set is exactly the union of these two fixed points and each one is an irreducible
component.

We remind that for each β, the unique equilibrium state is given by

µβ = Hβνβ,

where Hβ and νβ are the eigenvectors for the transfer operator Lβ. Its dominating
single eigenvalue (i.e., its spectral radius) is eP(β).

We have seen in Lemma 23 that P ′(β) =

∫
Adµβ. This quantity is negative because

A is non-positive and negative on a set of positive measure (remind that for any
β µβ has full support). We have seen (see the comments after Remark 3) that the
asymptote of the pressure is of the form

hmax + β.m(A),

where hmax is the residual entropy and is the entropy of the Aubry set. In our case,
we have hmax = 0 and m(A) = 0. Then, lim

β→+∞
P(β) = 0. The first role of the

max-plus algebra seems to determine how the pressure goes to 0 as β goes to +∞.

Proposition 45. There exists a positive sub exponential function g and a positive
real number ρ such that P(β) = g(β)e−ρ.β.

Proof. First we consider any accumulation point −ρ for
1

β
logP(β). We shall prove

that this −ρ is actually unique, namely, it does not depend on the chosen subse-
quence.

First, we consider a subsequence which realizes −ρ in lim
β→+∞

1

β
log(eP(β) − 1). By

Proposition 26, the family

{
1

β
logHβ

}
is relatively compact, and we can always

extract extract another subsequence such that
1

β
logHβ converges. We denote by V

this limit. V is a calibrated subaction.
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For simplicity we shall write β → +∞ even if we consider a restricted subsequence.

Moreover, Hβ and V only depend on one coordinate, and we shall write Hβ(i) or
V (i) for Hβ(x) and V (x) with x = i . . ..

The eigenfunction Hβ is an eigenvector for Lβ and this yields

eP(β)Hβ(1) = eβ.A(1,1)Hβ(1) + eβ.A(2,1)Hβ(2) + eβ.A(3,1)Hβ(3)

eP(β)Hβ(2) = eβ.A(1,2)Hβ(1) + eβ.A(2,2)Hβ(2) + eβ.A(3,2)Hβ(3).

Replacing with the values for A we get the two following equations:

(eP(β) − 1)Hβ(1) = e−βε21Hβ(2) + e−βε31Hβ(3), (5.1a)

(eP(β) − 1)Hβ(2) = e−βε12Hβ(1) + e−βε32Hβ(3). (5.1b)

Now,
P(β)

β
→β→+∞ 0 yields lim

β→+∞

eP(β) − 1

P(β)
= 1 and, finally, lim

β→+∞

1

β
log(eP(β) −

1) = −ρ.

Taking
1

β
log and doing β → +∞ in (5.1a) and (5.1b) we get

− ρ+ V (1) = max(−ε21V (2),−ε31V (3)), (5.2a)

−ρ+ V (2) = max(−ε12V (1),−ε32V (3)), (5.2b)

which can be written under the form

− ρ⊗
(
V (1)
V (2)

)
=

(
−∞ −ε21 −ε31

−ε12 −∞ −ε32

)
⊗

 V (1)
V (2)
V (3)

 . (5.3)

Now, we use Theorem 17 to get an expression of V (3) in terms of V (1) and V (2).
Indeed, we have

V (3) = max(V (1) + h(1∞, 3), V (2) + h(2∞, 3)),

where h is the Peierl’s barrier and 3 means any point starting with 3. Copying the
work done to get Equality (4.5), we claim that

h(1∞, 3) = −ε13 and h(2∞, 3) = −ε23.

This yields,  V (1)
V (2)
V (3)

 =

 0 −∞
−∞ 0
−ε13 −ε23

⊗ ( V (1)
V (2)

)
. (5.4)
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Merging (5.3) and (5.4) we finally get

−ρ⊗
(
V (1)
V (2)

)
=

(
−ε13 − ε31 −ε21 ⊕ (−ε31 − ε23)

−ε12 ⊕ (−ε32 − ε13) −ε23 − ε32

)
⊗
(
V (1)
V (2)

)
.

(5.5)

Then, Lemma 44 shows that
1

β
logP(β) admits a unique accumulation point as

β → +∞, thus converges.

Setting g(β) := P(β).eρβ we get the proof of the proposition.

From Lemma 44 we also get

− ρ = max



A(1, 3) + A(3, 1) = −ε13 − ε31,

A(3, 2) + A(2, 3) = −ε32 − ε23,

A(2, 1) + A(1, 2)

2
= −ε12 + ε21

2
,

A(2, 1) + A(1, 3) + A(3, 2)

2
= −ε21 + ε13 + ε32

2
,

A(1, 2) + A(2, 3) + A(3, 1)

2
= −ε12 + ε23 + ε31

2
,

A(2, 3) + A(3, 1) + A(1, 3) + A(3, 2)

2
.

(5.6)

We emphasize that the last quantity is actually the mean value of the two first ones,
and then −ρ > A(2,3)+A(3,1)+A(1,3)+A(3,2)

2
always holds, as soon as, −ρ > A(1, 3) +

A(3, 1) and −ρ > A(3, 2) + A(2, 3) hold.

We can now finish the proof of the convergence of µβ. We recall that any accumu-
lation point must be of the form

α.δ1∞ + (1− α)δ2∞ ,

with α ∈ [0, 1]. It is thus sufficient to show that
µβ([1])

µβ([2])
converges as β → +∞ to

prove the convergence of µβ. However, we emphasize that this is very particular
to our case (two ergodic A-maximizing measures). This reasoning may not work
for a more general case. Nevertheless, one of the by-product results of our proof
is that for the general case, it seems possible to determine the convergence we get
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here, in a similar (but more complex) way. The complexity is an issue which is due,
essentially, to the large amount of possible combinatorics.

First, we get some equations for the measure νβ. We remind that this measure is
β.A-conformal. Then, equality 2.3 yields,

νβ([1]) = νβ

(
∞⊔
n=1

[1n2] t [1n3]

)

=
+∞∑
n=1

νβ([1n2]) + νβ([1n3])

=
+∞∑
n=1

eβ.Sn(A)(1n2)−nP(β)νβ([2]) +
+∞∑
n=1

eβ.Sn(A)(1n3)−nP(β)νβ([3])

=
e−βε12−P(β)

1− e−P(β)
νβ([2]) +

e−βε13−P(β)

1− e−P(β)
νβ([3]).

We remind that νβ([1])+νβ([2])+νβ([3]) = 1, then, we get a linear equation between

νβ([1]) and νβ([2]). Doing the same work with the cylinder [2] =
+∞⊔
n=1

[2n1] t [2n3] we

get the following system:{
(eP(β) − 1 + e−β.ε13)νβ([1]) + (e−β.ε13 − e−β.ε12)νβ([2]) = e−β.ε13 ,

(e−β.ε23 − e−β.ε21)νβ([1]) + (eP(β) − 1 + e−β.ε23)νβ([2]) = e−β.ε23 .
(5.7)

The determinant of the system is

∆(β) := (eP(β) − 1)2 + (eP(β) − 1)(e−β.ε13 + e−β.ε23) +

e−β(ε12+ε23) + e−β.(ε21+ε13) − eβ.(ε12+ε21),

and, we get

νβ([1])

νβ([2])
=

(eP(β) − 1)e−β.ε13 + e−β.(ε12+ε23)

(eP(β) − 1)e−β.ε23 + e−β.(ε21+ε13)
. (5.8)

On the other hand, Equations (5.2a) and (5.2a) yield the following formula:

Hβ(1)

Hβ(2)
=

(eP(β) − 1)e−β.ε31 + e−β.(ε21+ε32)

(eP(β) − 1)e−β.ε32 + e−β.(ε12+ε31)
. (5.9)
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Therefore, from Equations (5.8) and (5.9) we get

µβ([1])

µβ([2])
=

Hβ(1)

Hβ(2)

νβ([1])

νβ([2])

=
(eP(β) − 1)e−β.ε13 + e−β.(ε12+ε23)

(eP(β) − 1)e−β.ε23 + e−β.(ε21+ε13)

(eP(β) − 1)e−β.ε31 + e−β.(ε21+ε32)

(eP(β) − 1)e−β.ε32 + e−β.(ε12+ε31)

=

(
(eP(β) − 1)eβ.(ε12+ε21−ε13) + eβ.(ε21−ε23)

)(
(eP(β) − 1)eβ.(ε12+ε21−ε23) + eβ.(ε12−ε13)

) ×(
(eP(β) − 1)eβ.(ε12+ε21−ε31) + eβ.(ε12−ε32)

)(
(eP(β) − 1)eβ.(ε12+ε21−ε32) + eβ.(ε21−ε31)

) .
(5.10)

Convergence will follow from the next proposition.

Proposition 46. The function g admits a limit as β goes to +∞.

Proof. We remind that νβ is the eigenmeasure for the dual transfer operator. This
yields:

eP(β) =

∫
Lβ(1I) dνβ

=(1 + e−β.ε21 + e−β.ε31)νβ([1]) + (1 + e−β.ε12 + e−β.ε32)νβ([2])

+(e−β.ε13 + e−β.ε23 + e−β.ε33)νβ([3]).

(5.11)

Let us set 

X := eP(β),

A := e−β.ε13 ,

A′ := e−β.ε23 ,

B := e−β.(ε12+ε23),

B′ := e−β.(ε21+ε13),

C := e−β.(ε12+ε21),

a := e−β.ε21 + e−β.ε31 ,

b := e−β.ε12 + e−β.ε32 ,

c := e−β.ε13 + e−β.ε23 + e−β.ε33 .

From the system (5.7), we get exact values for νβ([1]), νβ([2]) and νβ([3]). Replacing
these values in (5.11), this yields

X=
(1+a)(A(X−1)+B)+(1+b)(A′(X−1)+B′) + c((X−1)2 −C)

(X − 1)2 + (A+ A′)(X − 1) +B +B′ − C . (5.12)
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This can also be written

X−1=
a(A(X−1)+B)+b(A′(X−1)+B′)+(c− 1)((X−1)2 − C)

(X − 1)2 + (A+ A′)(X − 1) +B +B′ − C ,

and this yields

(X − 1)3 + (A+ A′ + 1− c)(X − 1)2

+(B +B′ − C − a.A− b.A′)(X − 1) + C(c− 1)− a.B − b.B′ = 0.

(5.13)

Remember that all the terms A,A′, B, . . . go exponentially fast to 0 as β → +∞,
X − 1 behaves like g(β)e−ρ.β, and, moreover g is sub-exponential. We can thus use
Taylor development to replace X − 1 by g(β)e−ρ.β, and, keep in each summand of
(5.13) the largest term; larger here means that we are comparing it to other terms,
if there is a sum, but also to terms of the other summands.

• Terms in (X − 1)2 and (X − 1)3. Note that A, A′ and c go exponentially fast
to 0 as β → +∞, which shows that (A+ A′ + 1− c)(X − 1)2 has as fordominating
term g2(β)e−2ρ.β, whereas (X − 1)3 has as dominating term g3(β)e−3ρ.β, which is
exponentially smaller than g2(β)e−2ρ.β.

• Term in (X − 1). Note that the term B is cancelled by part of b.A′ and similarly
B′ is cancelled by part of a.A. The term in X − 1 is actually equal to

e−β.(ε12+ε23) + e−β.(ε21+ε13) − e−β(ε12+ε21)

−e−β.(ε21+ε13) − e−β(ε13+ε31) − e−β.(ε12+ε23) − e−β(ε23+ε32)

= −e−β(ε12+ε21) − e−β(ε13+ε31) − e−β(ε23+ε32).

Remind that this term will be multiplied by g(β)e−ρ.β and compared to g2(β)e−2ρ.β.

The fact that ρ 6
ε12 + ε21

2
shows that the term −e−β(ε12+ε21)(X−1) is exponentially

smaller than g2(β)e−2ρ.β.

• Term without (X − 1). With a change of sign it is equal to

e−β.(ε12+ε21) ⊕ e−β(ε12+ε23+ε21) ⊕ e−β(ε12+ε23+ε31)

⊕e−β(ε21+ε12+ε13) ⊕ e−β(ε21+ε13+ε32).

Note that the second and the fourth terms are exponentially smaller than the first
one. Therefore, the remaining term is

e−β.(ε12+ε21) ⊕ e−β(ε12+ε23+ε31) ⊕ e−β(ε21+ε13+ε32).
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Remark 4. We emphasize that comparing all these terms allows to recover recover
5.6: comparing the terms in 2ρ and the terms in ρ, leads to compare −ρ with −(ε13+
ε31)⊕ (−ε23− ε32), and comparing the term with 2ρ, with the terms without ρ, leads
to compare −2ρ with −(ε12 + ε21)⊕ (−ε12 − ε23 − ε31)⊕ (−ε21 − ε13 − ε32). �

Now, considering the dominating terms at exponential scale in (5.13) yields an
equality of the form

ãg2(β)− b̃g(β)− c̃ = term exponentially small, (5.14)

where ã is either 0 or 1, b̃ ∈ {0, 1, 2} and c̃ ∈ {0, 1, 2, 3} and not all the coefficients

ã, b̃ and c̃ are zero1. In the left-hand side of (5.14) we get terms of order −2ρβ
(at exponential scale) and in the right-hand side we have terms with higher order.

Therefore at least two of ã, b̃ or c̃ must be non-zero. Moreover, considering any
accumulation point G for g(β), as β goes to +∞ and remembering that g is positive

show that G̃+ c̃ = 0 is impossible, i.e., ã = 1 necessarily holds. Hence we have

G2 − b̃G− c̃ = 0. (5.15)

Such equation admits all its roots in R, and, at least one of them is non-negative.
But, the key point here is that the roots form a finite set, and this set contains
the set of accumulation points for g(β) as β → +∞. On the other hand, g is a
continuous function, thus the set of accumulation points for g is an interval. This
shows that it is reduced to a single point, and then g(β) converges as β → +∞.

We remind that P(β) goes to 0 as β goes to +∞, and then eP(β) − 1 behaves like
g(β)e−β.ρ. We replace this in Equation (5.10). The final expression is thus:

µβ([1])

µβ([2])
=

(
g(β)eβ.(ε12+ε21−ε13−ρ) + eβ.(ε21−ε23)

)(
g(β)eβ.(ε12+ε21−ε23−ρ) + eβ.(ε12−ε13)

)
×
(
g(β)eβ.(ε12+ε21−ε31−ρ) + eβ.(ε12−ε32)

)(
g(β)eβ.(ε12+ε21−ε32−ρ) + eβ.(ε21−ε31)

) .
(5.16)

We know by Proposition 46 that g(β) converges to a nonnegative limit, and then
µβ([1])

µβ([2])
behaves like (g(β) + 1)r(g(β))seβ.t for r and s in {−2,−1, 0, 1, 2} and t ∈ R.

We also remind that g(β) is subexponential. Therefore
µβ([1])

µβ([2])
admits a limit in

R+ ∪ {+∞} as β → +∞. If the limit is 0, µβ goes to δ2∞ , if the limit is +∞, µβ

goes to δ1∞ , if it is equal to α ∈]0,+∞[, µβ goes to
α

α + 1
δ1 +

1

α + 1
δ2∞ .

1because we exactly consider the dominating exponential scale.
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